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BRANES



e symplectic geometry:

A-brane = Lagrangian submanifold 4+ flat connection

e complex geometry:

B-brane = complex submaniifold 4+ holomorphic bundle

e .... and generalizations, sheaves etc.



hyperkahler: complex structures I, J, K

symplectic forms wq, wo, w3

BAA-brane = holomorphic Lagrangian submanifold wrt I +
flat connection

BBB-brane = hyperkahler submanifold 4+ hyperholomorphic
bundle



hyperkahler: complex structures I, J, K

symplectic forms wq, wo, w3

BAA-brane = holomorphic Lagrangian submanifold wrt I +
flat connection

BBB-brane = hyperkahler submanifold 4+ hyperholomorphic
bundle

mirror symmetry is supposed to interchange these



e SY/Z for hyperkahler:

TM £ Tpr @ p*T'B
K:<O 1) J:<—1 o)
I O 0 I

omplex subspace
e K-invariance = V @&V C T & p™T'g quaternionic :



e SYZ for hyperkahler: mirror

TM 2 T%: @ p*T'B

K — 0O I _ (-1 O
I O o I
C T @ p*I'p complex Lagrangian

e Lagrangian wrt wi,ws3, complex wrt J ABA



semi-flat

V C B affine linear complex subspace

= Induced special Kahler structure

= semi-flat hyperkahler submanifold



BBB-BRANES

hyperkahler submanifold

strong condition

Kahler = second fundamental form S complex linear

S(UIX,JY)=1S(X,JY)=1JS(X,Y)=JIS(X,Y) =0

= totally geodesic



—XAMPLES FOR HIGGS BUNDLE

e moduli space for a subgroup H C GL(n,C)

e holomorphic automorphism of > = fixed-point set on M
hyperkahler

e fixed-point set of (V,®) — (V ® L,P) where L™ is trivial



BAA BRANES

N C M = moduli space of stable bundles (V,0)

torus fibres of the integrable system

T*N C M open embedding ....

. closure of conormal bundle of submanifold of N/



BBB-brane = hyperkahler submanifold
+ hyperholomorphic bundle

(support could be M itself)

hyperholomorphic = connection whose curvature is of type
(1,1) wrt I, J, K

e.g. instantons on C2 or K3

e.g. tangent bundle of a hyperkahler manifold



SYZ MIRROR SYMMETRY

e p. M — B Lagrangian fibration

Y € M Lagrangian submanifold

e bep(Y) C B suppose p—1(b) = A smooth fibre

e Define (ANY)0 c AV = line bundles on A trivial on Y

e .... = support of BBB-brane ?



EXAMPLE 1

e take Lagrangian submanifold ¥ C M = smooth fibre

e p(Y)=pointh, YNA=A= (YNA)P=0¢€ AV

e — BBB-brane is a single point



= XAMPL

11
N

Lagrangian submanifold Y C M = cotangent fibre T C T*N

Y N A is generically finite = p(Y) = B

. and “annihilator” (ANY)? = AV

= BBB-brane is full space MY = M((XG)



IN GENERAL..7

e any morphism X — A factors through the Albanese

e and AlIb(X)VY = PicP(X)

e = (ANY)? = (AIb(ANY))°



IN GENERAL..7

e any morphism X — A factors through the Albanese

e and AlIb(X)VY = PicP(X)

e = (ANY)? = (AIb(ANY))O

e invert and the BAA-brane is smaller unless YNA is an abelian
subvariety.



REAL FORMS



e complex structure I: moduli space of (stable) pairs (A, ®)

G = U(n) vector bundle V, ® € HO(Z,EndV ® K)

e complex structure J: flat G¢-connection

Vai+ P+ d* (representations m1(X) — G°)

e complex structure K: flat G¢-connection

Vai+1P —id*



REAL FORM G"

e K C (G" maximal compact

e principal Kbundle

e g=¢tPdm

e Higgs field ® € HO(Z, m ® K)

e holonomy of V+ &b + d* € G"




e moduli space of flat G"-connections: Hom(w1,G")/G"
e fixed point set of involution on M

e /-holomorphic, J, K-antiholomorphic

__» BAA-brane D




SPLIT REAL FORM

e e.9g. SL(n,R) C SL(n,C),Sp(2m,R) C Sp(2m,C)...

e Hom(mq,G")/G" intersects a generic fibre in 2-torsion points

e BBB-brane supported on whole space



U(m,m) C GL(2m,C)

maximal compact U(m) x U(m)

bundle V=V, & V_ Higgs field & = (O g)
Y

characteristic class c¢1(Vy) € H*(Z,Z)

= different topological components



e spectral curve det(z — ®) = z°™ + a2 2
e involution o(x) = —xz on S
o L=Ur*K@m=1/2 U ¢ Jac(S)

e YNA = fixed point set of ¢ = abelian subvariety




Y N A = fixed point set of ¢ = abelian subvariety

(YNA)OZ{U:c*U =2 U*} = fibre for Sp(2m, C)

BBB-brane = M(Sp(m)) C MU(2m))

. which is a hyperkahler submanifold
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S-Duality Of Boundary Conditions
in N =4 Super Yang-Mills Theory

Davide Gaiotto and Edward Witten
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Abstract

By analyzing brane configurations in detail, and extracting general lessons, we
develop methods for analyzing S-duality of supersymmetric boundary conditions in
N = 4 super Yang-Mills theory. In the process, we find that S-duality of boundary
conditions is closely related to mirror symmetry of three-dimensional gauge theories,
and we analyze the IR behavior of large classes of quiver gauge theories.



Table 3: The first column lists the unbroken subgroups H in boundary conditions in SU(n) gauge
theory that are defined by an involution 7. The second column lists the unbroken gauge symmetry
H of the S-dual boundary condition. The third column describes the Nahm pole, if any, that is
part of the reduction of the dual gauge group from SU(n) to H. The fourth column describes
the matter system that is coupled to H. (The hypermultiplets indicated are in the fundamental
representation of Sp(n).)

Nahm Pole Matter System
None Non-trivial SCFT
n=2+2+---+2 None
None Hypermultiplets
n={p—q +1+1+---+1 None



real forms of G¢ complex subgroups of LG¢

PERVERSE SHEAVES ON REAL LOOP GRASSMANNIANS

3

gR g g b Remarks
sl,(R)  sl,(C) sl,(C) sl,(C) split
su*(2n) sly, (C) 5o, (C) s, (C)
sulp.g) sL(C)  sL(C)  p,(©) |

+qg=n

quasi-split if ¢ = p
org=p+1
BI/BII |so(p.q) s02011(C) spu(C)  sp,(©) |p<q
p+qg=2n+1
splitifg=p+1
CI sp,(R)  sp,(C) 502,+1(C)  802,41(C) | split
CII sp(p,q)  sp,(C)  s02041(C) sp,(C) |p=<g
p+g=n

DI/DII so(n,n) s09,(C) 509, (C) 509, (C) split

so(p,q) 502,(C)  §02,(C)  s02,41(C) [ p<gq

p+gqg=2n

quasi-split if g =p+ 2

DIII 50%(2n) 502,(C)  502,(C)  sp,(C) p=[n/2]
EI ¢6(6) e6(C) ¢6(C) e6(C) split

EIT €6(2) e6(C) ¢6(C) f4(C) quasi-split
EIII eg(—14) ¢6(C) ¢6(C) 505(C)

EIV e6(—26) ¢6(C) ¢6(C) s3(C)

EV e7(7) er ((C) e7 ((C) er ((C) split

EVI er(—s)  ¢7(C) e7(C) fa(C)

EVII e7(—25)  e7(C) e7(C) s5p3(C)

EVIII es(8) es ((C) es (C) es (C) split

EIX eg(—24) es(C) es(C) f4(C)

F1 fa(a) fa(C) fa(C) fa(C) split
F1I fa—20)  fa(C) fa(C) sl3(C)

G 92(2) 92(C) 92(C) 92(C) split

TABLE 1. Associated Lie algebras h for non-compact real Lie algebras

gr with simple complexifications g. Notation following E. Cartan,
and [Hel78].



THE NADLER GROUP

D.Nadler, Perverse sheaves on real loop Grassmannians, Invent.
Math. 159 (2005) 1-73

o G" C GG°

o = H¢C Lge

Conjecture: The mirror of the moduli space of flat G"-bundles
is supported on the Higgs bundle moduli space M(H¢) c M(XG®)




SL(m,H) C SL(2m,C)...

SO(p,q) C SO(p+ ¢q,C)

spectral curve iIs non-reduced

How does SYZ handle this degenerate fibre?



HYPERHOLOMORPHIC BUNDLES



e connection with curvature of type (1,1) wrt I,J, K

e 4 dimensions = anti-self-dual

e & holomorphic bundle on twistor space



Levi-Civita connection is hyperholomorphic

Higgs bundle tangent space (A, ®)

0P + [A, ] = 0 modulo (A, D) = (O4v, [¢, P])

= hypercohomology H! of  O(yg) [q>—’>_] O(g® K)

holomorphic structure relative to [



complex structure J: flat G¢-connection

adjoint bundle g with induced flat connection

tangent space = de Rham cohomology H1 (X, g)

holomorphic structure relative to J



any representation of G¢ gives O(V) i O(V ® K)
QUV) - QU(V) e QI9(V) - QlL(Vv)
= (049, P())

Hodge theory = harmonic representative =

solution to elliptic equation D*yY = 0
D:Q%V)e Ql(v) = Q%L (V) @ QI0(V)

Dirac operator



D is formally quaternionic

Higgs bundle equations = DD* is real

= coker D carries a hyperholomorphic connection

“Dirac-Higgs bundle” (if a universal bundle on M x 3> exists)



representation p: G — U(m)

hypercohomology of associated bundle V

defines a Dirac bundle V over M

. take tensor products, exterior products of V etc.



e fixed Higgs bundle (U, V) rank m and varying (V,®) rank n

e (U®RV,V®1+4+1® P) rank mn Higgs bundle

e Dirac bundle over M(GL(mn,C))

e pull back to M(GL(n,C)) — hyperholomorphic

E.Franco & M.Jardim, Mirror symmetry for Nahm branes,

arXiv:1709.01314



VECTOR REPRESENTATION OF GL(n,C)
e O(V) B OV ® K)

e 0 » Hl(ker®) —» H! — HOcokerd) — 0



VECTOR REPRESENTATION OF GL(n,C)
e O(V) B OV ® K)

e 0 » Hl(ker®) —» H! — HOcokerd) — 0

e detd® =0 on =0 and coker® = [

e Dirac-Higgs bundle V hyperholomorphic



U(m,m) REAL FORM
e mirror M = Sp(2m, C)-Higgs bundles
o V=V_0V_, c1(Vy) € HX(Z,Z)

e for a BBB-brane we need a hyperholomorphic bundle

for each c1(Vy)



e spectral curve det(z — ®) = z°™ + a2 2
e involution o(x) = —xz on S
o L=Ur*K@m=1/2 U ¢ Jac(S)

e YNA = fixed point set of ¢ = abelian subvariety




o U =U

e action at fixed-point set +1

e ¢1(V4) ~ (even) number of +1's

e {z1,...,xy} C SN{x = 0} defines a one-dimensional space

Lx1®Lx2®®La}g

e vector space D Ly @ Ly @ -+ ® Ly,
{x1,...;xp} CSN{x=0}



o AV = T Ly @ Lgy @+ ® Ly,
{:Cl,...,xg}CSﬂ{ZU:O}

e induced hyperholomorphic connection



o AV = T Ly @ Lgy @+ ® Ly,
{:Cl,...,xg}CSﬂ{ZU:O}

e induced hyperholomorphic connection

e NO universal bundle for Sp(2m,C) (Z>-gerbe obstruction)

e ¢/ even = AYV well-defined



LAGRANGIAN CORRESPONDENCES



(M,wyr), (N,wp) symplectic manifolds

Lagrangian Z C (M x N, (wps, —wpn))

e.g. graph of a symplectomorphism

symplectic morphism (Weinstein)



= XAMPL

o M = N=T*X

e Y C X submanifold

o ZCT*X xT*X = {(z,€),(x,n) : (x,& —n) € (TY)V}



= XAMPL

o M =N=T*X

e Y C X submanifold

o ZCT*X xT*X = {(z,€),(x,n) : (x,& —n) € (TY)V}

e {—nn—Ce(@Y) = ¢—-¢e(TY)D

o .... "iIdempotent” morphism



S-duality of boundary conditions and the
Geometric Langlands program

Davide Gaiotto!

L Perimeter Institute for Theoretical Physics, Waterloo, Ontario, Canada N2L 2Y5

ABSTRACT: Maximally supersymmetric gauge theory in four dimensions admits local
boundary conditions which preserve half of the bulk supersymmetries. The S-duality
of the bulk gauge theory can be extended in a natural fashion to act on such half-BPS
boundary conditions. The purpose of this note is to explain the role these boundary
conditions can play in the Geometric Langlands program. In particular, we describe
how to obtain pairs of Geometric Langland dual objects from S-dual pairs of half-BPS
boundary conditions.



X = moduli space of degree 0 stable GL(n,C) bundles
Y ={V:HO(Z,V ® K1/2) £ 0} (determinant divisor)
= HO(Z,V*® K1/2) £ 0 (RR + Serre duality)

se HY(Z, Ve K1/2) ac HO(Z,V* @ K1/2)

= sQac HY(Z,EndV ® K)



e normal bundle of Y = Quillen line bundle

o L = (A% kerd )* @ (AP cokerd,)

e s®a € L* = conormal bundle = (TY)°



e normal bundle of Y = Quillen line bundle

o L = (A% kerd )* @ (AP cokerd,)

e s®a € L* = conormal bundle = (TY)°

e Lagrangian relation in M x M

O-—P=s®aa



O-—P=s®a
eigenvectors: dLy = A\, d'v = Mo

(1, 8)(a, v) = (PLY,v) — (i, Pv) = (A = N) (¥, v)

iif (a,v) =0 or (Y,s) =0



o )\ =)

e resultant of det(z — @), det(z — ')

e n?(g— 1) points in



o )\ =)

e resultant of det(z — @), det(z — ')

e n?(g— 1) points in

e SNS"=D+4 D

(a,v) =0 or (¢,s) =0



e two spectral curves S, S’

e SNS' =D+ D* (N =2X)

e D divisor of t, D* of t*

e D= Li*K1/2 on S and L'=*K1/2 on S’



CORRESPONDENC

e spectral curve plus (gg¢ — 1) points ~ D

e effective divisor D* ~ Kq¢(—D)

e D+ D* e HY(S, Kq) = HO(S, n*K™)

e pencil of spectral curves S’ through D 4 D*



[HE MIRROR BBB BRAN

e LGL(n,C) = GL(n,C)
o / C Mx M — B x B surjective

o fibre (gg — 1)-element subsets U Cc SN S’

o V: @ LCIJ
xeSNS’

e V hyperholomorphic?




e GL(n,C) x GL(n,C) acting on C" g C"

e PR1I-1QP:0ViVs) -0(V1RVo® K)

e determinant of X — AX — XB =

resultant of det(x — A),det(x — B)

e M1 supported where \ = )\



e V= & L: hyperholomorphic
xeSNS’

o fibre ~ (gg — 1)-element subsets
e basis {ey,...,en} Of vector space U

e basis for AN"U ~ m-element subsets

e mirror of Z = N9s—1v



NO universal bundle
Vo defined on open set U,
V(X%Laﬁ(X)VB on UaﬂUB

Lgﬁ trivial (Zn-gerbe)

(gg —1) =n?(g — 1) so N9S~1V well-defined.



