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NONABELIAN HODGE THEORY
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• ⌃ compact Riemann surface g > 1

• G Lie group

• H
1(⌃, G) = equivalence classes of flat G-bundles

• ... apply Hodge theory
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THE ABELIAN CASE

• H
1(⌃,C⇤) = H

1(⌃,C)/H1(⌃,Z) ⇠= (C⇤)2g (holonomy)

• Hodge theory: H
1(⌃,C) = H

10
�H

01

• flat connection d+ ↵
10 + ↵

01

• �, � 2 H
10, flat U(1)-connection rA = d+ � � �̄

• rA + � + �̄ = d+ ↵
10 + ↵

01

if � + � = ↵
10

,�� + � = ↵
01

2



THE ABELIAN CASE

• H
1(⌃,C⇤) = H

1(⌃,C)/H1(⌃,Z) ⇠= (C⇤)2g (holonomy)

• Hodge theory: H
1(⌃,C) = H

10
�H

01

• flat connection d+ ↵
10 + ↵

01

• �, � 2 H
10, flat U(1)-connection rA = d+ � � �̄

• rA + � + �̄ = d+ ↵
10 + ↵

01

if � + � = ↵
10

,�� + � = ↵
01

2

THE ABELIAN CASE

• H
1(⌃,C⇤) = H

1(⌃,C)/H1(⌃,Z) ⇠= (C⇤)2g (holonomy)

• Hodge theory: H
1(⌃,C) = H

10
�H

01

• flat connection d+ ↵
10 + ↵

01

• �, � 2 H
10, flat U(1)-connection rA = d+ � � �̄

• rA + � + �̄ = d+ ↵
10 + ↵

01

if � + � = ↵
10

,�� + � = ↵
01

2

THE ABELIAN CASE

• H
1(⌃,C⇤) = H

1(⌃,C)/H1(⌃,Z) ⇠= (C⇤)2g (holonomy)

• Hodge theory: H
1(⌃,C) = H

10
�H

01

• flat connection d+ ↵
10 + ↵

01

• �, � 2 H
10, flat U(1)-connection rA = d+ � � �̄

• rA + � + �̄ = d+ ↵
10 + ↵

01

if � + � = ↵
10

,�� + � = ↵
01

2

THE ABELIAN CASE

• H
1(⌃,C⇤) = H

1(⌃,C)/H1(⌃,Z) ⇠= (C⇤)2g (holonomy)

• Hodge theory: H
1(⌃,C) = H

10
�H

01

• flat connection d+ ↵
10 + ↵

01

• �, � 2 H
10, flat U(1)-connection rA = d+ � � �̄

• rA + � + �̄ = d+ ↵
10 + ↵

01

if � + � = ↵
10

,�� + � = ↵
01

2



• d+ � � �̄ ⇠ @̄ � �̄ holomorphic structure

• flat C⇤-connection ⇠=

holomorphic line bundle + holomorphic 1-form

• H
1(⌃,C⇤) ⇠= Jac(⌃)⇥H

0(⌃,K)

1



• H
1(⌃,C⇤) ⇠= H

0(⌃,K)⇥ Jac(⌃) *not holomorphic*

•
Z

⌃
(↵10

^ ↵
10

� ↵
01

^ ↵
01)

flat metric

•
Z

⌃
↵
10

^ ↵
01

holomorphic symplectic structure

• hyperkähler metric, complex structures I, J,K
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• (�,rA) 2 H
0(⌃,K)⇥Jac(⌃) ⇠= H

1(⌃,C⇤) *not holomorphic*

•
Z

⌃
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flat metric

•
Z
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holomorphic symplectic structure

• hyperkähler metric, complex structures I, J,K
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I
2 = J

2 = K
2 = IJK = �1

• I: H
0(⌃,K)⇥ Jac(⌃) ⇠= T

⇤Jac(⌃)

J: H
1(⌃,C⇤) ⇠= (C⇤)2g



• 0 ! H
1(⌃,R) ! H

1(⌃,R⇤) ! Z
2g
2 ! 0

• ↵
10 + ↵

10
2 H

1(⌃,R)

• p : H0(⌃,K)⇥ Jac(⌃) ! H
0(⌃,K)

• H
1(⌃,R⇤) = 22g *holomorphic* sections of p

H
1(⌃,R⇤) = *real* points of (C⇤)2g

4
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• H
1(⌃, GL(n,C)) ⇠ Hom(⇡1(⌃), GL(n,C))/GL(n,C)

• flat rank n vector bundle V

• irreducible reps ) smooth complex manifold

• Hodge theory ) represent as rA +�+�⇤

rA unitary connection, � 2 H
0(⌃,EndV ⌦K)

(Corlette, Donaldson, Simpson, NJH,...)
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• Higgs field: � 2 H
0(⌃,EndV ⌦K)

• rA +�+�⇤ flat ) FA + [�,�⇤] = 0

Higgs bundle equations

• stability ) existence

6



• moduli space M hyperkähler

• Kähler forms !1,!2,!3 for complex structures I, J,K

• holomorphic symplectic form !
c = !2 + i!3 relative to I etc.

• ) covariant constant holomorphic volume form

*Calabi-Yau*
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MIRROR SYMMETRY

3



• symplectic geometry: A-model

• complex geometry: B-model

• + Calabi-Yau

4
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N U C L E A R  
PHYSICS B 

Mirror symmetry is T-duality 
Andrew Strominger a'l, Shing-Tung Yau b'2, Eric Zaslow b,3 

a Department of Physics, University of California, Santa Barbara, CA 93106, USA 
b Department of Mathematics, Harvard University, Cambridge, MA 02138, USA 

Received 11 July 1996; accepted 13 August 1996 

Abstract 

It is argued that every Calabi-Yau manifold X with a mirror Y admits a family of supersymmetric 
toroidal 3-cycles. Moreover the moduli space of such cycles together with their fiat connections 
is precisely the space Y. The mirror transformation is equivalent to T-duality on the 3-cycles. The 
geometry of moduli space is addressed in a general framework. Several examples are discussed. 

Keywords: Mirror symmetry; Duality; D-branes; BPS 

I. Introduction 

The discovery of mirror symmetry in string theory [ 1] has led to a number of 
mathematical surprises. Most investigations have focused on the implications of mirror 
symmetry of the geometry of Calabi-Yau moduli spaces. In this paper we shall consider 
the implications of mirror symmetry of the spectrum of BPS soliton states, which are 
associated to minimal cycles in the Calabi-Yau. New surprises will be found. 

The basic idea we will investigate is briefly as follows. Consider HA string theory 
compactified on a large Calabi-Yau space X. In four dimensions there are BPS states 
arising from the reduction of the ten-dimensional 0-brane. The moduli space of this 0- 
brane is X itself. In four dimensions the 0-brane can be described by a supersymmetric 
worldbrane sigma model with target X. The BPS states are the cohomology classes on 
X, and interactions will involve other invariants associated to X. 

l E-mail: andy@denali.physics.ucsb.edu. 
2 E-mail: yau @ abel.math.harvard.edu. 
3 E-mail: zasiow @ abel.math.harvard.edu. 

0550-3213/96/$15.00 Copyright (~) 1996 Published by Elsevier Science B.V. All rights reserved 
PII S0550-321 3 ( 9 6 ) 0 0 4 3 4 - 8  



SYZ MIRROR SYMMETRY

• Calabi-Yau manifold M
n: ! symplectic form,

⌦ holomorphic n-form

• special Lagrangian fibration: p : M ! B

(!,Re⌦ vanish on fibres)

• fibres are tori Tb

• mirror = dual fibration, fibre over b = moduli space of flat
U(1)-bundles over Tb

1



• X 2 TbB ⇠ section of normal bundle of Tb

• iX! well-defined and closed on Tb since fibre Lagrangian

• [iX!] 2 H
1(Tb,R)

• p
⇤
TB

⇠= T
⇤
F

1



• X 2 TbB ⇠ section of normal bundle of Tb

• iX! well-defined and closed on Tb since fibre Lagrangian

• [iX!] 2 H
1(Tb,R)

• p
⇤
TB

⇠= T
⇤
F

1

• homology class A 2 H1(Tb,R) ) closed 1-form a on B

.... local flat coordinates ai = dxi

• M complex symplectic manifold

• p : M ! B holomorphic Lagrangian fibration

• ... base B has a “special Kähler structure”

•

1



• iX⌦ well-defined and closed since fibre special Lagrangian

• [iX⌦] 2 H
n�1(Tb,R) ⇠= (H1(Tb,R))⇤

• p
⇤
TB

⇠= TF and p
⇤
TB

⇠= T
⇤
F

) metric on B

• Hessian form

gij =
@
2
�

@xi@xj

2



• iX⌦ well-defined and closed since fibre special Lagrangian

• [iX⌦] 2 H
n�1(Tb,R) ⇠= (H1(Tb,R))⇤

• p
⇤
TB

⇠= TF and p
⇤
TB

⇠= T
⇤
F

) metric on B

• Hessian form

gij =
@
2
�

@xi@xj

2

• iX⌦ well-defined and closed since fibre special Lagrangian

• [iX⌦] 2 H
n�1(Tb,R) ⇠= (H1(Tb,R))⇤

• p
⇤
TB

⇠= TF and p
⇤
TB

⇠= T
⇤
F

) metric on B

• Hessian form

gij =
@
2
�

@xi@xj

2

• iX⌦ well-defined and closed since fibre special Lagrangian

• [iX⌦] 2 H
n�1(Tb,R) ⇠= (H1(Tb,R))⇤

• p
⇤
TB

⇠= TF and p
⇤
TB

⇠= T
⇤
F

) metric on B

• Hessian form

gij =
@
2
�

@xi@xj

2

• iX⌦ well-defined and closed since fibre special Lagrangian

• [iX⌦] 2 H
n�1(Tb,R) ⇠= (H1(Tb,R))⇤

• p
⇤
TB

⇠= TF and p
⇤
TB

⇠= T
⇤
F

) metric on B

• Hessian form

gij =
@
2
�

@xi@xj

2

• homology class A 2 H1(Tb,R) ) closed 1-form a on B

.... local flat coordinates ai = dxi

• M complex symplectic manifold

• p : M ! B holomorphic Lagrangian fibration

• ... base B has a “special Kähler structure”

•

1



• M̂ dual fibration

• Gauss-Manin connection TM̂ = TF �p
⇤
TB = H

1(T̂b)�H
1(T̂b)

• TM̂ = H
1(T̂b)� iH

1(T̂b) complex

• metric ) Kähler metric on M̂

• semi-flat metric – Lagrangian fibres are orbits of Killing vec-
tor fields
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ISSUES

• Compact Calabi-Yau threefold with a SL fibration?

• (dimension 2 – elliptic K3 – hyperkähler)

• semi-flat metric ⇠ large complex structure limit?

1



THE INTEGRABLE SYSTEM

93



• algebraic curve �

• holomorphic Gc-principal bundle

• section ⇥ ⇥ H0(�, g�K) = Higgs field

• + stability condition

7

P

• holomorphic symplectic manifold

• ... or more information about Higgs bundles?

• e.g. lower bound on (X,X) as k�k ! 1?

Labourie, Cross ratios, surface groups, PSL(n,R) and di↵eomor-
phisms of the circle, Publ Math IHES 106 (2007) 139–213

1



• ⇥ reduction to maximal compact G

• ⇥ G-connection A

• FA + [�,��] = 0

• moduli space hyperkähler

8
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THE FIBRATION

• hyperkähler moduli space M(G)

dimR = 4(g � 1) dimG

• principal Gc-bundle, ⇥ ⌅ H0(�, g⇥K)

• invariant polynomials p1, . . . , p� on g

pm(⇥) ⌅ H0(�,Kdm)

• fibration M2k(G) ⇤ Ck

3
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• hyperkähler moduli space M(Gc)

dimC = 2(g � 1) dimG
c

• S \ S
0 = D +D

0

h↵, vi = 0 or h , si = 0

• no universal bundle for Sp(2m,C)

(Z2-gerbe obstruction)

• ` even ) ⇤`V well-defined

1
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• integrable system

• generic fibre abelian variety

• Gc = GL(n,C) det(x��) = 0 spectral curve S

• fibre = Jac(S)

4

• coker� supported on zero set of det�

det(x��) = xn + a1x
n�1 + . . .+ an = 0

A

4

• holomorphic symplectic manifold

• f, g holomorphic functions

• Poisson bracket {f, g}

• if {f, g} = 0 then

g is a conserved quantity for the Hamiltonian vector field Xf

• these k functions Poisson-commute

1



• ⇡ : S ! ⌃

• line bundle L on S, V = ⇡⇤L direct image

• x section of ⇡
⇤
K, x : L ! L⇡

⇤
K

• � = ⇡⇤x

1



• Hyperkähler manifold + holomorphic Lagrangian fibration
wrt I

• ) (!2 + i!3) vanishes on fibres

• !2 vanishes and real or imaginary part of

(!3 + i!2)m vanishes

• ) special Lagrangian fibration for

! = !2,⌦ = (!3 + i!2)m

1
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• M non-compact

• instead of large complex structure limit

• ... consider k�k
2
! 1

• hyperkähler metric is approximated by the semi-flat metric

(R.Mazzeo, J.Swoboda, H.Weiss, F.Witt, Asymptotic geom-

etry of the Hitchin metric, arXiv:1709.03433)
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• Higgs bundle moduli space p : M ! B

• *generic* fibre smooth abelian variety

• B
reg

⇠ smooth spectral curve

• approximation over B
reg as k�k ! 1

1
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• M complex symplectic manifold

• p : M ! B holomorphic Lagrangian fibration

• ... base B has a “special Kähler structure”

• flat a�ne connection r such that ...

(i) Kähler form ! is covariant constant

(ii) complex structure I 2 T ⌦ T
⇤ is locally rX

1
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⇤ is locally rX

1



• special Kähler structure defines a hyperkähler metric on M

•
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X @

2
�

@xj@xk
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0 I
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0 I
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• determined by variation of period matrix
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• deformations of compact holomorphic Lagrangians

• ) special Kähler structure on moduli space

• B
reg = space of smooth spectral curves S

det(x��) = x
n + a1x

n�1 + . . .+ an = 0

• x 2 H
0(S,⇡⇤

K) ) curve in the total space of K

• cotangent bundle: curve in a symplectic surface is Lagrangian
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• canonical holomorphic 1-form ✓ on T
⇤⌃ (✓ ⇠ x)

• potential for special Kähler metric on space of curves:

K = �
i

4

Z

S

✓ ^ ✓̄

• this defines the semi-flat metric on M

(D.Baraglia& Z.Huang, Special Kähler geometry of the Hitchin

system and topological recursion, arXiv:1707.04975v2)
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Abstract. Among the major mathematical approaches to mirror symmetry
are those of Batyrev-Borisov and Strominger-Yau-Zaslow (SYZ). The first
is explicit and amenable to computation but is not clearly related to the
physical motivation; the second is the opposite. Furthermore, it is far from
obvious that mirror partners in one sense will also be mirror partners in the
other. This paper concerns a class of examples that can be shown to satisfy
the requirements of SYZ, but whose Hodge numbers are also equal. This
provides significant evidence in support of SYZ. Moreover, the examples are
of great interest in their own right: they are spaces of flat SLr-connections
on a smooth curve. The mirror is the corresponding space for the Langlands
dual group PGLr . These examples therefore throw a bridge from mirror
symmetry to the duality theory of Lie groups and, more broadly, to the
geometric Langlands program.

When it emerged in the early 1990s, mirror symmetry was an aspect
of theoretical physics, and specifically a duality between quantum field
theories. Since then, many people have tried to place it on a mathematical
foundation. Their labors have built up a fascinating but somewhat unruly
subject. It describes some sort of relation between pairs of Calabi-Yau
spaces, but there are several quite different formulations of this relation,
with no strong links between them. Notable among these are the toric
approach of Batyrev-Borisov [4,5], leading to a very large class of examples
whose Hodge numbers behave as desired, and the symplectic approach of
Strominger-Yau-Zaslow [38], hereinafter SYZ. The latter is inspired by the
original physics, and holds out the remarkable promise of connecting mirror
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• M(G) Higgs bundle moduli space

• hyperkähler

• holomorphic Lagrangian fibration

• ....its mirror is M(LG) where L
G is the Langlands dual group

1

SYZ MIRROR SYMMETRY

• special Lagrangian fibration

• mirror = dual fibration

• M(G) is mirror to M(LG)

2

R.Donagi & T.Pantev, Langlands duality for Hitchin systems,
Invent. math. 189 (2012), 653–735.



•
L
GL(n,C) = GL(n,C)

• (Jac(S) dual to itself)

•
L
SL(n,C) = PGL(n,C)

• generic fibre for SL(n,C) = Prym variety P (S,⌃)

1



•

0 ! P (S,⌃) ! Jac(S) Nm
! Jac(⌃) ! 0

0 ! Jac(⌃) ⇡
⇤

! Jac(S) ! P̂ (S,⌃) ! 0

•

P̂ (S,⌃) ⇠= P (S,⌃)/P (S,⌃) \ Jac(⌃))

= P (S,⌃)/⇡⇤
H

1(⌃,Zn)

• abelian variety A, Â
⇠= A/�

2
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Sp(2m,C) AND SO(2m+1,C)
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Sp(2m,C)

• E rank 2m symplectic vector bundle

• � 2 H0(⌃, g⌦K) = H0(⌃, S2E ⌦K)

• eigenvalues ±�i

• spectral curve S ⇢ |K| :

0 = det(x��) = x2m + a2x
2m�2 + · · ·+ a2m

• involution �(x) = �x

3



• ⇡ : S ! ⌃

• E = ⇡⇤L

• x : L ! L⌦ ⇡⇤K and � = ⇡⇤x

• .... where L = U⇡⇤Km�1/2 and �⇤U ⇠= U⇤

• abelian variety = Prym variety P (S, S̄) (S̄ = S/�)

5



SO(2m+1,C)

• V rank (2m+1) orthogonal vector bundle

• � 2 H0(⌃, g⌦K) = H0(⌃,⇤2V ⌦K)

• eigenvalues 0± �i

• kernel ⇠ �m
2 ⇤2mV ⌦Km ⇠= V ⌦Km

• reducible spectral curve

0 = det(x��) = x(x2m + a2x
2m�2 + · · ·+ a2m)

5
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5

THE MIRROR BBB BRANE

• S

= H0(S,⇡⇤Kn)

LGL(n,C) = GL(n,C)

• Z ⇢ M⇥M ! B ⇥B surjective

• fibre (gS � 1)-element subsets U ⇢ S \ S0

•

V =
M

x2S\S0

Lx

1



• V = ⇡⇤L where ...

• on x2m + a2x
2m�2 + · · ·+ a2m = 0

L = UKm and U 2 P (S, S̄)

• on x = 0 ⇠= ⌃, L = Km

6

• V = ⇡⇤L where ...

• on x2m + a2x
2m�2 + · · ·+ a2m = 0

L = UKm and U 2 P (S, S̄)

• on x = 0 ⇠= ⌃, L = Km

6

• V = ⇡⇤L where ...

• on x2m + a2x
2m�2 + · · ·+ a2m = 0

L = U⇡⇤Km and U 2 P (S, S̄)

• on x = 0 ⇠= ⌃, L = Km

34



• x = 0 fixed point set of �

• �⇤U ⇠= U⇤
) trivialization of U2 on x = 0

• Km ⇠= UKm
) ±1 choice

• x = 0 , a2m(z) = 0: 4m(g � 1) points

• 24m(g�1) covering of P (S, S̄)
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• overall ±1

+

SO(2m+1)-bundle spin/non-spin

• 24m(g�1)�2 covering of P (S, S̄)

• = P (S, S̄)/p⇤H1(S̄,Z2)

= dual of P (S, S̄)

9
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BRANES
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• symplectic geometry:

A-brane = Lagrangian submanifold + flat connection

• complex geometry:

B-brane = complex submaniifold + holomorphic bundle

• .... and generalizations, sheaves etc.

1



• hyperkähler: complex structures I, J,K

• symplectic forms !1,!2,!3

• BAA-brane = holomorphic Lagrangian submanifold wrt I +
flat connection

• BBB-brane = hyperkähler submanifold + hyperholomorphic
bundle

• mirror symmetry is supposed to interchange these

2
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flat connection
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bundle

• mirror symmetry is supposed to interchange these
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